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1 Introduction

The induction motors are converters of electrical energy into mechanical work,
which by the development of power electronics became even more useful and are
found in virtually all industrial areas of electric motor drives including rail vehicles
[1] and electric vehicle drives [4]. They are rotating machines in which its rotor
rotates at asynchronous speed and are characterized by simple construction, high
efficiency, reliable operation in difficult conditions, minimal need for maintenance,

low price and advanced speed control techniques.

The induction machine, used in electric motor drives can operate in three modes of
operation: in motor, generator and brake mode, respectivelly. To enable dynamic
simulation of drives with three-phase induction machines, the mathematical model
in programming environment Mathematica®is developed in this paper. In addition,
this software system uses symbolic computation capabilities, which allows the
derivation of the governing equations of a three-phase induction machine, thereby
saving a lot of laborious manipulation work. The paper is organized as follows. In
the second chapter, using machine variables, the governing differential and algebraic
equations of the three-phase induction machine are first written in vector form.
These vector equations contain time-varying coefficients, which make their solution
difficult. In order to facilitate the solution of these equations, the three-phase
machine variables are decoupled using the Park's transformation into orthogonal
two-phase g- and d- variables, so that the entire mathematical model is expressed in
qd0 variables. The equations of the induction machine are supplemented with an
equilibrium torque equation. In the third chapter, dynamic simulations of the electric
motor drive with the selected type of induction machine are performed in all three

operating modes. The final, fourth chapter provides conclusions.

2 Mathematical modeling of drives with three-phase induction machines

The term three-phase induction machine comes from the principle of operation,
based on the Faraday's law of induction in which induced winding voltages are
produced by the time changes of magnetic flux linkage created by the relative motion
between stator and rotor windings and a spatially distributed magnetic field. In this

article, the derivation of the mathematical model of a three-phase induction machine
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will be performed for symmetrical machines, which consists of stator voltage
equations, rotor voltage equations, flux linkage equations and torque equation. In

machine variables, stator voltage equations take the vector form

Ve =rg g

abc abc.abc d abc
=I +_t;"s > O

] T . . .
where V?b‘ =(Vas»Vbs-Ves) means the stator voltage vector in which the subscript

s is referred to the stator, the uppersctipt abe is referred to the three phases of the
machine and upperscript T denotes the vector transposition, 127 = (U ipgsicg )

abc
)‘s

T
means the stator current vector of stator phases abr, = (A5 ApssAcs)  means

the stator flux linkage vector and r{ be _ r.I3 is the diagonal matrix of the ohmic

resistances 7; of phase stator windings. Analogously, the rotor voltage equations in

machine variables take the vector form

abc abc-abc d abc
Vel =+ — A, 2

r r dt
T . . .
where v2% =(v,,,vp,,v, ) means the rotor voltage vector in which the subscript

ris referred to the rotor and uppersctipt abe is again referred to the three phases of

. .ab .. . \T
the machine, i}” = (i,.,iy..i,.) means the rotor current vector of rotor phases al,

. T .
)ufbc =(A4rAprsAe) means the rotor flux linkage vector and ;' be _ .13 means the

diagonal matrix of the ohmic resistances 7. of phase rotor windings. The flux linkage
equations for both stator and rotor of the magnetically linear machine can be
presented in the coupled matrix form
abc abe abe sabc
;\'S — LSS LS}“ . lS (3)

abc abc abc .abc
)"r Lrs er 1,

where L‘;ZS)C , Lilr)c are submatrices of stator-to-stator and rotor-to-rotor inductances
Lls + Lss Lsm Lsm Llr + er er er
abe _ abe _
Lss - Lsm Lls + Lss Lsm ’ er - er Llr + er er ’ (4)
Lsm Lsm Lls + Lss er er Llr + er

and where L, L are leakage inductances per phase of stator and rotor winding,
respectively, Ly, I, are self-inductances of stator and rotor winding, respectively and

Ly, L, are mutual inductances between stator windings and mutual inductances
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Labc

abe 1abe submatrices of stator-

between rotor windings, respectively. Further are

to-rotor and rotor-to-stator mutual inductances, respectively. The stator-to-rotor
mutual inductances are dependent on the rotor position, that is on the rotor angle

0, between axes of phase a of stator and rotor winding, respectively, see Fig.1. Thus,

submatrix L% has the form

cos 6, cos(@r +ZT”) COS(H, —27”)
Lobe = [L‘;’;c T =L, cos(@, —ZT”) cos 6, cos(&, +2Tﬂ) , 5)
cos(@, +2?”) cos(ﬁ, —ZT”) cosd,

where L is the amplitude of the stator-to-rotor mutual inductance and where the
superscript T denotes the matrix transposition.

Substituting flux linkage vectors k?ba , kﬁba

appeating in DEs (1) and (2) by matrix
scalar products formed from the corresponding row of the inductance matrix in Eq.
(3) with the assembled current vector, one obtain equations, which are coupled
through mutual inductances between windings. Therefore, first-order DEs (1) and
(2) are dependent on rotor position, too and by rotation of the rotor they are further
dependent on the time. This creates differential equations with time-varying

coefficients that are difficult to solve.

Figure 1: The angle 0, between the axis of the phase a rotor winding and the axis of the phase

a stator winding. Source: own.
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2.1 The transformation to arbitrary gd0 reference frame

To circumvent difficulties due to the time-varying coefficients of mutual inductances
and to decouple the three-phase machine variables to orthogonal two-phase
(sometimes called two-axis) vatiables, the Patk's transformation in arbitrary ¢d0
reference frame is applied. The ¢gd0 transformation matrix has the form

cos @ 005(9—2—”) cos(¢9+27”)

3
[quo(e)]% sing sin(0-22) sin(0+2) ©)

1 1 1
2 2
and can be applied to transform voltages, currents or magnetic fluxes in abe machine

variables to the ¢gd0 variables by means of the transformation equation

s o
()= 7 | <[t O] * =[N O] (1) )
s° e

While the ¢- and d~components of Eq. (7) represent the decomposition of three-
phase quantities into two orthogonal axes ¢ and 4, the third component, denoted by
0 is the zero-sequence component, which is added to enable the inverse
transformation by means of the nonsingular transformation matrix [Tyw(0)]!. The
geometric meaning of the relationship between abe-axes of a three-phase system and
g- and d-axes of an arbitrary reference system is shown in Fig. 2.

b, -osw

€05

Figure 2: Relationship between abc-axes of a three-phase system and gd-axes of an arbitrary

reference system. Source: own.
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From Fig.2 it follows that the transformation angle 0() between g-axis of the
arbitrary reference frame, which rotates at an arbitrary angular speed @ (%) and the a-

axis, which corresponds to the stationary stator winding, varies according to the rule
t

0(1)=J (1)t +6(0), 8)
0

where @(?)=d0/dt. Analogously, the rotor angle 0,(7) is measured between the stator

and rotor a-phases and therefore varies as

0, (1) =(})w,(t)dt+e,(o). )

The angles 0(0) and 640) in Eqgs. (8),(9) mean the corresponding initial values. The
transformation of stator winding voltages (1) to the 40 variables can be performed

symbolically in Mathematica® programming environment. Let introduce matrices

1 00 1 00 0 1 0
r;]do = rs O 1 0 . r:.IdO = I’r 0 1 0 . E = _1 0 0 s (10)
0 01 0 01 0 00

and use the first and third matrix to derive the transformed voltages to the form
. d

vad0 _ pgd03qd0 | = 2990 1 pERI90, (11)
t

By using the programming environment Mathematica®, we can also derive
symbolically the rotor winding voltages in ¢d0 variables. However, from Fig. 2 it
follows, that transformation angle for rotor variables is equal to 0-0,, what implies
the use of the transformation matrix [T w0(6-0,)]. Doing so, we get the following
equation of rotor winding voltages in gd0 variables
v4d0 _ p4d0jqd0 +%xzd0 +(0-, )ELIO, (12)

where we use the second and third matrix (10).

The programming system Mathematica® proves to be very useful also in the
symbolic derivation of flux linkage equations in terms of ¢d0 variables. From Eq.
(3), the stator flux linkages in machine variables are given by jabe _ pabejabe | yabejabe 50

that transformed equation looks like

;st;dO _ |:qu0 (G)J(Labc jabe | pabe; abc)

S8 S sroor

o )
I: 4d0 (9)1 Labcl: qdo (9)] [ (H)JL“ cl: 4d0 (66, )] i
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The transformation (13) requires matrix multiplications involving the inverse
transformation matrix, which can be easily obtained by symbolic.programming. The
rotor flux linkages in machine variables are given by 3¢ — pabejebe  pabejebe which are

transformed to the g0 variables by transformation

MO = [Ta0 (0-0,) (LR i +Leif )

(14)
=[Tya0 (0-6,) L [ Tya0 (eﬂ_l 18904 Tyg0 (0-6,) | L5 [ Tyao (06, )]_1 i

By assembling the computed results of Eq. (13) and of Eq. (14) together, the stator
and rotor flux linkage equations in ¢d0 variables can be presented in the following

explicit form

Ags ) [Lig+L, 0 0 L, 0 0 [ igs
}“ds 0 Lls + Lm 0 0 Lm 0 Igs
ZOS _ 0 0 Lls 0 0 0 l:OS (1 5)
/Ic}r L, 0 0 L,+L, 0 0 lﬂ’l"
Ay 0 L, 0 0 Ly +L, 0,
) L0 0 0 0 0 Ly |\ i,

where the primed rotor variables are used for convenience and present the rotor

values, recomputed to the stator side by means of the stator-to-rotor winding ratio:

2
! _NS ’ _NS ) _Ns. o _NS' ro_ NS
/1qr—N—r/1qra /1dr—N—r/1dra o = lare e = L, = N, L. (16)

while the magnetizing inductance L, on the stator side is
3, 3Ny, _3Ng

LmZELss_EN_r sr_ENr rr 17

To complete the mathematical model of three-phase induction machine, we derive
the torque equation in ¢d0 variables. For this purpose, we start with the sum of
instantaneous input power of all six windings of the stator and rotor in machine
variables and use the Park's transformation to obtain the corresponding expression

in gd0) variables
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Pinp = Vastas T Vbsips + Vesles + V r T Vbrlbr + Vcr cr

_3 ;
- E(Vqslqs + Vdvlds + ZVOSZOS +Vqr qr + Vdrldr + 2VOrlOr)

_3 2 2, a2 g2
_5[ (qs+lds+210s)+r ((']r +1iy,.° + 20y, ) (18)
d2 di 40 di, di, dzﬂ
_7ags i s i qr .t dr ' rot
s Y gy T2— g + 7l T  +2—"1p,

+w(ﬂ“dsiqs - j“qsiafs ) + (a) — @y )(ﬂ’arlrizl]r - ﬂ’(;ric,ir ):|

The terms of the form 72 in Eq. (18) describe the copper loses and the terms of the
form (dA/di)i represent the rate of exchange of magnetic field energy between
windings. Only terms of the form A/ describe the rate of energy, which can be
converted to the mechanical work. Therefore, the developed electromechanical

torque is defined as the sum of all @A/ terms, divided by the rotor angular speed
Tom = %(%)[w(idsiqs - ﬂ’qsids ) +(w_ @ )(ﬂ’c'lri(']r - Z’q’ri&r )i| > ( 9)

where P/2 denotes the number of pole pairs.

2.1.1 Mathematical model of induction machine in base quantities

In practice, we usually use magnetic flux linkages per second, denoted by ¥instead
of magnetic flux linkages A and reactances xinstead of inductances L. Denoting with
w,=2mfthe so called base angular frequency, the magnetic flux linkages per second
and reactances, respectively are expressed by relations
¥ =y, x=ap,lL.
(20)
The introduction of magnetic flux linkages per second ¥ and reactances x,
respectively, has a consequence that previously derived equations of mathematical
model of the induction machine must be rewritten in terms of new variables. The
stator voltage equation in gd0 variables is then rewritten into the form
Va0 _ pad0jado 1d 4 ggao 2e yp o0 @1
oy, dt @y,
and rotor voltage equation, in which variables are recomputed on the stator side,

becomes
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w—o
;qu +Lig/rfqd0 _,_u]g Tr'qdo . (22)

V;,qu _ rrrqd()i
wy, dt y,

Equation of flux linkages (15) now goes into equation of flux linkages per second:

Pos | [ x5 +x, 0 0 Xy 0 0 [ 7gs
¥ 4 0 xg+x, 0 0 X 0 || g
Pos | _ 0 0 X 0 0 0 || dpg @3
p X, 0 0 X +x, 0 0 || ig
v 0 X 0 0 R US|
v, L 0 0 0 0 0 X )i,

Finally, the torque equation (19) is also rewritten in terms of magnetic flux linkages

per second

@ . . w—o roer Y
A N =Y |

2.2 The transformation to stationary gd0 reference frame

The dynamic analysis of the induction machine together with its converter is in
drives with adjustable rotor speed or in transient period more conveniently tractable
in the stationary ¢d0 reference frame. The stationary reference frame is obtained
from the arbitrary reference frame, when the angular speed w is set to zero, w=0.
The compact vector form of a mathematical model of induction machine in the

stationary gd0 reference frame then consists of the stator voltage equation:

. 1 d
(Y dt
rotor voltage equation:
. 1 d 1)
ay, dt @y

equation of flux linkages per second (23) and torque equation (24). It is again worth
to mention that rotor voltage equation is expressed in primed variables, which all are

recomputed on the stator side.
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2.3 The torque balance equations of the electric motor drive

For simulation of the entire electric motor drive, the mathematical model of the
induction machine must be completed with the torque balance equations, which take
into account the mechanical load of the drive. If an electric motor drives a
mechanical load through a gear transmission, the equilibrium state of the electric
motor drive consists of two equations, where the first equation corresponds to the
input side and the second to the output side of the gear transmission [2]. In this
article, we will not discuss such drives, but will limit ourselves to direct drives, where
the balance of the developed electromechanical torque and the mechanical load
torque is desctibed by a single equation. In such cases, the torque balance equation
takes the following general form:
20, [

J—d( P ):(zﬂjJ@:T

dt P dt em_Tmech_Tda (27)

whete | denotes the moment of inertia of the rotor mass, [d(2w,/P)/dtis the inertia
torque, T., is developed electromechanical torque, T,.s is the mechanical load
torque, T, 1s the torque of viscous damping and entire expression on the right hand
side of Eq. (27) means the accelerating torque. Mechanical load torque is positive in
the motoring mode and negative in the generating mode of operation. Positive
mechanical load torque in motoring mode decreases the accelerating torque and
reduces the normalized angular speed of the rotor, while the negative mechanical
load torque in generating mode increases the accelerating torque and causes the rotor

angular speed to exceed the synchronous angular speed.

3 Dynamic simulations of drives with induction machines in Mathematica®

Dynamic simulations of drives with induction machines are performed in the
programming environment Mathematica® in stationary reference frame. The
mathematical model of simulations therefore consist of six voltage ODE's of the
tirst order, that is of Eqs. (25) and (26), of the magnetic linear, algebraic flux linkage
per second equation (23), of the developed electromechanical torque equation (24)
and of the torque balance equation (27). In the sequel, the motoring, generating and
braking modes of operation of electric motor drives with the induction machine are

analyzed. The same machine is used in all operation modes, where its parameters
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used in simulations are: the rated power of the three-phase, four pole machine is
5,=750 W, the rated phase-to-phase rms voltage is ['=200 V, the rated frequency is
/=50 Hz and the moment of inertia of the rotor mass is [=0.1 kgm?2. The ohmic
resistances and reactances of single stator winding are #=3.35 Q and x;,=2.18 €,
respectively. The values of ohmic resistance and reactance of a single phase rotor
winding are recomputed to the stator and denoted by primes. These values are
r'=1.99 Q and x,=x;=2.18 Q, respectively. The value of magnetizing reactance is
chosen to be x,=51.44 Q. All dynamic simulations ate petformed in the time

interval, which lasted between 0 s and #;,,=2 s.
3.1 Electric motor drive in motoring mode of operation

First dynamic simulation treats electric motor drive in motoring mode of operation,
where the induction machine is loaded by a time-variable mechanical torque. The
time interval of simulation 0=r<#;, is divided into four subintervals, each of its is
lasting for 0.5 s. In the first subinterval 0=<7<0.5 s, the electric motor is'nt loaded,
while in the subinterval 0.5 s<7<1.0 s is loaded by the half of the base torque 0.5T),
whete the base torque is equal to T;=5/ wi,=(P 53)/ (2 ws). In the third subinterval
1.0 s=£<1.5 s, the electric motor is fully loaded by the base torque T}, however in
the last subinterval it is relieved with the half base torque.

The Fig.3 presents the dynamical response of the developed electromechanical
torque of undamped as well as viscously damped drive in motoring mode. On the
Fig. 3a it is shown, that electromechanical torque of the undamped drive, drawn by
the solid line, after the transient period approaches to the value of the mechanical
load torque. The electromechanical torque of the viscously damped drive, drawn by
dashed line after the transient petiod takes higher values, because it must balance
the sum of the mechanical load torque plus the damping torque. The damping torque
is modeled by relationship T,/ =c(w,/w;), where damping coefficient takes the
value.c=0.75 Nm. The Fig. 3b presents the dynamic response of the electromechanic
torque as a function of the normalized rotor angular speed in both undamped as

well as viscously damped drive.
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Figure 3: Electromechanical torque of the drive in motoring mode of operation. a) time
response of the electromechanical torque, b) torque curve in dependence of the normalized
rotor angular speed. Source: own.

In the Fig. 4, the time course of normalized rotor angular velocity is shown, where
we can see that the normalized rotor angular velocities of the viscously damped drive
differ very little from the normalized rotor angular velocities of the undamped drive.
Further, we clearly see that the normalized angular velocity of the rotor steeply
increases during the start of the electric motor and decreases slightly in the time
intervals in which the electric motor is mechanically more loaded. In addition, we
see that in the motor mode of operation the normalized angular velocity of the rotor

never exceeds the value 1.

]--0 C T T T T T i
0EF 7
o 06 1
=
? ———— normalired angular rotor speed
0.4 i of the undamped drive ]
I normalized angular rotor speed
0.2r )r' of the viscously damped drive 1
ool/ . . . o
0.0 0.3 1.0 15 2.0

Time t [s]

Figure 4: Time course of the normalized angular velocity of the rotor during motoring mode

of operation. Source: own.
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In the Fig. 5a, the time response of the stator current z,(7) is shown in gd0 variables
and in the Fig. 5b, the corresponding time response of on the stator recomputed
rotor cutrent i'q(f) in gd0 vatiables is presented. From both figures it can be
concluded that during the start of the machine, a strong transient phenomenon
occurs with high amplitude oscillations. During the time subintervals in which the
machine is gradually mechanically more loaded, a corresponding increase in the
amplitudes of both currents can be observed. The responses shown in Figs. 5a,b

refer only on the undamped drive.

1gs(t)
Vgr(t)

| |
' -
S S o

0.0 05 1.0 15 20 0.0 05 1.0 15 20

Time t [s] Time t [s]

a) b)
Figure 5: Time responses of a) the stator current 7,(7) and b) on the stator recomputed rotor

cutrent 7',(?) in gd0 variables. Source: own.
3.2 Electric motor drive in generating mode of operation

The second simulation treats the electric motor drive with same machine data
operating in the generator mode. To enable such operation, the mechanical load
torque must be negative such that there is a net positive acceleration torque, which
causes the increase of the rotor angular speed over the value of the synchronous
angular speed or the increase of the normalized rotor angular speed over the value
1, respectively. To satisfy such a requirement, the time course of the mechanical load
torque is changed in this simulation and is divided into two subintervals, where in
the first subinterval 0</<1.0 s the electric motor is'nt loaded and in the second
subinterval 1.0=7=#;,,~2 s it is loaded by the mechanical torque -0.5T;. The effect
of the viscous damping is not studied in this simulation. The time responses of the
electromechanical torque in generator mode is plotted in the Fig. 6a, where we see
that in the steady state of the second time subinterval the mechanical load torque is
balanced with the driving torque because the drive is undamped. In the Fig. 6b it



40

ANALI PAZU

can be seen that the normalized angular velocity of the rotor in the second time

subinterval exceeds the value 1 as is expected.

Tem(t) ) Tinech (V)

I
a’l

<

h‘“.

electromechanical torque

| \ | of undamped drive
‘

\

mecharical load torque ——— =]\

0.0

0.5 1.0 LS

Time t [s]
2)

o8-

06

ey

04 ‘.“

05 10
Time t [5]

b)

Figure 6: Time responses of electric motor drive in generating mode of operation. a) time

response of the electromechanical torque, b) time response of the normalized angular

velocity of the rotor. Source: own.

3.3 Electric motor drive in braking mode of operation

The third simulation treats the electric motor drive with same machine data

operating in the braking mode. The braking mode of an electric motor drive can be

simulated by reversing the direction of rotation of the rotating magnetic field, which

is produced by currents in the stator windings that are 120° out of phase with each

other. This can be achieved if two phases of the supply voltages are interchanged.

In the simulation, the electric motor again is'nt loaded during the first time
subinterval 0=7<1.0 s and then in the second subinterval 1.0=#5#;,,=2 s it is loaded

by the mechanical load torque T;. The interchange of terminals of two phase voltages

is performed in the time #=1 s, when the electric motor starts to brake.

o

Tem (1) s Tmech (1)

—40

—-60

I

IM'\’;‘-"" \

mechanical load torque

electromechanical torque
of undamped drive in braking mode

0.0

1

0.0

05 10

Time t [s]

bl

Figure 7: Time responses of electric motor drive in braking mode of operation. a) time
response of the electromechanical torque, b) time response of the normalized angular
velocity of the rotor. Source: own.



R. PUSENJAK: SIMULATIONS OF DYNAMICAL. RESPONSES OF

ELECTRICMOTOR DRIVES WITH INDUCTION MACHINES M

The time responses of the electromechanical torque and of the normalized angular
velocity of the rotor, respectively in the braking mode of the electric motor drive are
shown in the Fig. 7. It is evident, that due to the same operating conditions as are
prescribed in generator mode for the first time subinterval, the course of the
electromechanical torque in Fig. 7a is similar to the plot, depicted in Fig. 6a.
However, as the braking starts in the time 7/=1 s, the electromechanical torque begins
to strongly oscillate. In accordance with the signs of torques on the right hand side
of Eq. (27), the net negative acceleration torque is produced for the most of the
second time subinterval, which causes the decrease of the normalized angular
velocity of the rotor. The value of the normalized rotor angular velocity w,/w; in
Fig. 7b first decreases to zero and then becomes negative, indicating that the rotor
begins to rotate in the opposite direction. Lastly, the angular velocity of the rotor
approaches to reach the limit value of negative base angular velocity —ws, which
corresponds to the value of the normalized angular velocity of the rotor w,/w,= -1,

as shown in Fig. 7b.
4 Conclusions

The mathematical model in the stationary reference frame, implemented in the
programming environment Mathematica® is developed for dynamical simulations of
the electric motor drives with three-phase induction machines. In the model,
magnetically linear machine is treated. By using symbolic computing in the software
system, the governing equations of the induction machine are derived, which saves
extensive manipulative work. The developed mathematical model is succesfully
applied in simulations of electric drives, operating in the motoring, generating and
braking mode. The presented model can be upgraded to treat magnetically nonlinear

induction machines as well as to couple the sophisticated mechanical assemblies [3].
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